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Power Requirements for Large-Amplitude Flapping Flight
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In this paper, a method is presented for computing the circulation distribution along the span of a
� apping wing that minimizes the power required to generate a prescribed lift and thrust. The power is
composed of three parts: useful thrust power, induced power, and pro� le power. Here, the thrust and
induced power are expressed in terms of the Kelvin impulse and kinetic energy associated with the sheet
of trailing and shed vorticity left behind the � apping wing. The pro� le power is computed using a
quasisteady approximation of the two-dimensional viscous drag polar at each spanwise station of the
wing. A variational principle is then formed to determine the necessary conditions for the circulation
distribution to be optimal. Included in the variational principle is a constraint that the wing not stall.
This variational principle, which is essentially the viscous extension of the well-known Betz criterion for
optimal propellers, is discretized using a vortex-lattice model of the wake, and the optimum solution is
computed numerically. The present method is used to analyze a conventional propeller as well as a rigid
wing in forward-� ight � apping about a hinge point on the longitudinal axis.

Nomenclature
! = surface bounding Trefftz volume 9
B = matrix relating circulation G to force F
b = wingspan
bj = jth row of B
Cd, Cl = sectional drag and lift coef� cients
Cd0, Cd2 = parameters of drag coef� cient curve � t

, ,C C C+ 7 31 1
= coef� cients of lift, thrust, and power

C l0 = sectional lift coef� cient at minimum
sectional drag

C30
= coef� cient of power required for steady

gliding � ight
c = aerodynamic chord
d = sectional drag
F = time-averaged aerodynamic force vector
i, j, k = unit vectors in the x, y, and z directions
K = induced power matrix
k = reduced frequency, Vb /U
+1 = time-averaged aerodynamic lift
l = sectional lift
N = number of vortex ring panels in wake model
n = unit vector normal to wake
nj = unit vector normal to jth vortex panel
3 = time-averaged power
3i, 3v = time-averaged induced and viscous power
3v0 = time-averaged viscous power with zero

circulation
Q = vector describing the effect of the drag polar

on power
R = propeller radius
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Re = Reynolds number
61 = time-averaged aerodynamic lateral force
s = distance along airfoil path
T = � apping or rotational period
71 = time-averaged thrust
U = � ight velocity
V = relative velocity of airfoil through � uid
9 = Trefftz volume
V = vector velocity of � uid
Vij = � uid velocity induced at the ith panel by a

unit-strength vortex ring at the jth panel
W = diagonal weighting matrix used in

augmented Lagrangian formulation
0 = upper surface of one period of the wake
w = induced wash
x, y, z = Cartesian coordinates
G = circulation
G = vector of potential jumps (circulation) across

wake panels
G0 = circulation corresponding to the minimum

sectional coef� cient of drag
D!j = area of the jth vortex-lattice element
Dsi = length of the ith panel along the airfoil path
Dxi = extent of the ith element in the x direction
dij = Kronecker delta
z = coordinate along wingspan
h = propulsive ef� ciency
u = amplitude of � apping motion
l = vector of equality constraint Lagrange

multipliers
m = advance ratio; � uid viscosity
n = inequality constraint Lagrange multiplier
j = Kelvin linear impulse
P = Lagrangian power
Pa = augmented Lagrangian power
r = � uid density
f = velocity potential
V = rotational speed of propeller

Subscripts
max = value corresponding to maximum lift

condition
R = required value
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Fig. 1 Top view of bird in � ight showing coordinate system and
vortex � laments (trailing and shed vorticity) in the wake.

I. Introduction

A NUMBER of animals and man-made devices use � apping
as a means of producing aerodynamic or hydrodynamic

thrust. For example, aircraft and ship propellers � ap by rotat-
ing, producing a helical wake of trailing vorticity. Helicopter
rotors also rotate, but in forward � ight produce a skewed wake
containing both shed and trailing vorticity. Similarly, birds,
bats, and man-made ornithopters generate an undulating wake
with both shed and trailing vorticity. For a discussion of the
structure of the wakes of birds, bats, and � apping airfoils, see
Refs. 1­ 8. In all of these cases, the wing of the device is made
to move with a component of velocity normal to the direction
of � ight, a condition required to generate thrust. In this paper,
we seek to � nd optimal solutions to the � apping problem. In
particular, we present an approach for computing the circula-
tion distribution along a � apping wing that produces a desired
aerodynamic force (lift and thrust) with the minimum required
power.

A number of investigators have studied the problem of � ap-
ping � ight by modeling the � ow� eld induced near the � apping
wings as a result of the system of trailing and shed vorticity
in the wake. Wilmott9 developed an unsteady lifting-line theory
using the method of matched asymptotic expansions for the
general motion of a wing with high aspect ratio. Phlips et al.10

modeled � apping using an unsteady lifting-line theory in
which the shed or transverse vorticity in the wake was lumped
at the start of each stroke. Ahmadi and Widnall11 developed
an unsteady lifting-line theory using matched asymptotic ex-
pansions, with the inverse of the aspect ratio being the small
parameter. Lan12 developed an unsteady quasi-vortex-lattice
method that he then applied to predict the � apping ef� ciency
of various planforms and � apping motions. All of these theo-
ries, however, are restricted to low-frequency � apping, i.e., the
reduced frequency k [ Vb/U << 1.

None of the preceding analyses address the issue of mini-
mum power � apping � ight. The problem of � nding the mini-
mum induced loss (MIL) circulation distribution on a � apping
wing is conceptually the same as � nding the MIL solution for
a propeller. The Betz13 criterion describes the conditions that
must be met to obtain an optimum circulation distribution for
propellers operating in an inviscid � uid. Goldstein’s14 classic
solution for MIL propellers was based on the Betz criterion.
Later, Jones15 applied a similar criterion to solve the problem
of thrust generation using low-frequency � apping (k << 1) of
high aspect ratio wings for the case where the left and right
wings � ap symmetrically about a common hinge point on the
longitudinal axis. Jones was able to � nd a closed-form solution
for the optimum circulation distribution. However, his theory
is restricted to low-frequency, small-amplitude � apping mo-
tions. Notwithstanding these assumptions, his results predicted
that high induced propulsive ef� ciencies are achieved using
� apping motions with large amplitudes and/or high frequen-
cies.

It has been shown that Betz’s optimality condition can be
generalized to devices other than propellers, such as helicopter
rotors (see the Acknowledgments section). Potze and Sparen-
berg16 developed a similar optimality criterion for MIL sculling
propulsion of ships. Hall et al.,17 also using a generalized Betz
criterion, predicted the optimum circulation distribution for
helicopters in forward � ight for the case where the rotor must
simultaneously generate a prescribed lift, and rolling and pitch-
ing moments. More recently, Hall and Hall18 used this ap-
proach to compute the optimum circulation distribution along
the span of wings undergoing large-amplitude, high-frequency
� apping motion, and generating both lift and thrust. Sparen-
berg,19 who has written extensively on optimal hydrodynamic
propulsion, also observed that the MIL � apping � ight problem
could be solved using this approach, although no numerical
examples were presented. de Jong20,21 considered the problem
of optimizing the performance of screw propellers, including
the effects of viscosity in his analysis. He considered the effect

of varying Reynolds number on the viscous drag, but neglected
the potential in� uence of loading, i.e., the dependence of the
viscous drag on the lift coef� cient as described by the sectional
drag polar. de Jong did note that this dependence could be
included, if necessary.

In this paper, a method for predicting the minimum power
circulation distribution required to generate thrust and lift via
the � apping motion of wings is presented. The model extends
the method of Hall and Hall18 by including pro� le, or viscous,
losses. In particular, we allow the sectional coef� cient of drag
to depend on the sectional lift coef� cient. This is especially
important for � apping � ight because the sectional coef� cients
of lift and drag vary signi� cantly over the � apping cycle. A
variational principle, which is similar in form to the Betz13

criterion for MIL propellers, describes the optimum circulation
distribution in the wake of the � apping wing. A numerical
method for solving for the optimality conditions is described.
Finally, a number of numerical examples of minimum power
circulation distributions for propellers and � apping wings are
presented, and the implications of viscous forces on � apping
� ight are discussed.

II. Theory
A. Lift and Thrust

MIL propeller theory is based on the observation that thrust
is a consequence of momentum in the wake, and induced
power loss is a consequence of excess kinetic energy in the
wake. Therefore, the thrust and power loss can be deduced
directly from the structure of the wake, without any reference
to how the wake was generated. Likewise, the lift and thrust
forces produced in � apping � ight are a result of excess mo-
mentum deposited in the wake, and the induced power loss is
a result of excess kinetic energy deposited in the wake.

The key assumption required in the following development
is the light loading assumption. For lightly loaded � apping
wings, the induced velocities in the wake are small compared
to the velocity of the wings. This implies that the wake sheet
left behind the wing will be undistorted by the induced � ows,
at least for a considerable distance behind the wing. As a re-
sult, the far wake will be undistorted and periodic in the � ight
direction. Hence, the light loading assumption is equivalent to
the rigid wake assumption often used in vortex lattice methods.

For the purposes of computing the induced losses arising
from wing � apping, we assume that the � ow resulting from
� apping is inviscid, incompressible, and irrotational (except
for the trailing and shed vorticity in the wake). Thus, the three-
dimensional � ow about the wings and wake is governed by
Laplace’s equation

2= f = 0 (1)

where V = =f. The Cartesian coordinates x, y, and z are taken
to be along the longitudinal, lateral, and vertical axes, respec-
tively, as shown in Fig. 1. Furthermore, the coordinates are
� xed to the � uid frame of reference so that the velocity of the
� uid goes to zero at in� nity.

The aerodynamic forces (thrust, side force, and lift) acting
on the � apping wing arise when the wing imparts linear mo-
mentum to the surrounding � uid. The force averaged over one
period of � apping motion is equal and opposite to the time-
averaged rate of change in momentum of the � ow� eld. The
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Fig. 2 Control volume enclosing one period of the far wake.

linear momentum j deposited in the wake per temporal period
T of wing � apping is given by

j = r =f d9 (2)E E E
9

where T = 2p /V. In Eq. (2), 9 is a control volume enclosing
one period of the far downstream wake and extending to in-
� nity in the y and z directions (Fig. 2).

Using Gauss’ theorem, the volume integral in Eq. (2) may
be converted to a surface integral over the surface ! bounding
the volume 9, so that

j = 2r fn d! (3)E E
!

Note that f is periodic in the x direction, and f is continuous,
except across the wake. Therefore, f is equal on the upstream
and downstream sides of 9. Also, the unit normals point in
opposite directions on opposite sides of 9. Thus, the portion
of the integral over the upstream and downstream sides cancel.
Finally, f goes to zero exponentially as uy u or u z u goes to
in� nity. Hence, Eq. (3) reduces to

j = 2r fn d! (4)E E
6

where the surface 6 includes just the upper and lower sides
of the wake.

On either side of the wake, the unit normals n point in
opposite directions. Furthermore, the difference in the poten-
tials across the wake is just the bound circulation G around the
wing at the time the trailing edge of the wing passed by that
point in space. Therefore, Eq. (4) can be rewritten as

j = 2r Dfn d! = 2r Gn d! (5)E E E E
0 0

Equation (5) may be recognized as the Kelvin linear im-
pulse22 generated by one period of the wake sheet. The F on
the � apping wing is just the negative of the Kelvin linear im-

pulse generated in one wake period, divided by the temporal
period T. Therefore,

j r
F = 2 = Gn d! (6)E ET T 0

Dotting F with the unit normals i, j, and k gives the thrust,
side force, and lift, respectively, i.e.,

r
7 = Gi ?n d! (7)1 E ET 0

r
6 = Gj ?n d! (8)1 E ET 0

r
+ = Gk ?n d! (9)1 E ET 0

The subscript 1 denotes that these are � rst-order forces only;
induced forces are bookkept as induced power losses, and are
considered in the following section.

B. Inviscid-Induced Power

The induced power losses caused by the lift and thrust of a
� apping wing arise from the deposition of kinetic energy into
the wake. Hence, 3i is equal to the kinetic energy contained
in one period of the wake, divided by the wing-beat period T,
so that

1 1 r2 23 = r uV u d9 = u=f u d9 (10)i E E E E E ET 2 2T9 9

Using the � rst form of Green’s theorem, we have

r 23 = 2 f=f ?n d! 2 f= f d9 (11)i S E E E E E D2T ! 9

The second integral in Eq. (11) is identically zero, because
=2f = 0 in the interior of the volume. The portion of the � rst
integral over the outer surface of ! is also zero, by an argu-
ment similar to one used earlier to compute the Kelvin linear
impulse. The remainder of the integral is over the upper and
lower surface of the wake, so that

r
3 = 2 Df=f ?n d! (12)i E E2T 0

But =f ? n is equal to w ?n, the normal wash induced at the
surface of the wake, which by continuity must be equal on the
upper and lower surface of the wake. Therefore, Eq. (12) may
be expressed as

r
3 = 2 Gw ?n d! (13)i E E2T 0

Note that w is linearly related to G through the Biot­ Savart
law. Furthermore, the lift and thrust are proportional to the
circulation G. Thus, the induced power is quadratic in lift and
thrust.

C. Viscous Pro� le Power

Because of the dif� culty in computing complex unsteady
viscous � ows about oscillating airfoils, the simplifying as-
sumption is made that the wing has a large aspect ratio, i.e.,
c /b << 1. We further assume that the reduced frequency of
� apping based on the airfoil chord is small, so that

Vc /V << 1 (14)

where V is given by

ds
V = U (15)

dx
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Fig. 3 Two-dimensional drag polar for NACA 4412 airfoil with
standard roughness, Re = 6 3 106: C, experimental data23; ——,
curve � t (Cl0 = 0.3863, Cd0 = 0.00964, Cd2 = 0.01242, Clmax = 1.38).

and ds/dx is the distance traveled by the wing per unit distance
traveled by the wing in the x direction. Under these conditions,
the viscous forces may be accurately modeled using quasi-
steady lift­ drag correlations.

Consider, for example, the drag polar shown in Fig. 3 for a
NACA 4412 airfoil with standard surface roughness operating
at Re = 6 3 106, where Re [ rVc/m. Shown is the experi-
mentally measured coef� cient of Cd as a function of the co-
ef� cient of Cl for steady � ow as reported by Abbott, et al.23

where

l d
C [ and C [ (16)l d1 2 1 2­ ­rV c rV c2 2

For moderate to large Reynolds numbers, the sectional drag is
predominantly a function of the sectional lift, and only weakly
dependent on the Reynolds number. Also, for angles of attack
away from stall, the drag can generally be approximated as a
quadratic function of the lift, so that

2C ’ C 1 C (C 2 C ) (17)d d0 d2 l l0

where Cd0, Cd2, and Cl0 are constants that depend on the par-
ticular airfoil pro� le and Reynolds number. For the present
example of a NACA 4412 airfoil, Cl0 = 0.3863, Cd0 = 0.00964,
and Cd2 = 0.01242. This correlation is plotted in Fig. 3 and is
seen to be in good agreement with the experimental data over
a wide range of sectional lift coef� cients.

For large angles of attack, the airfoil will stall, and the cor-
relation given by Eq. (17) will fail. Physically, such situations
are to be avoided because they result in large viscous power
losses with little or no additional thrust production. Thus, a
constraint is imposed so that the � apping motion is

G # G (18)max

The coef� cient of lift Cl may be expressed in terms of the
circulation as

l 2G
C = = (19)l 1 2­ rV c Vc2

Hence, Gmax = , with taken here to be 1.38.1­ VcC C2 l lmax max

The pro� le power 3v resulting from � apping may be ex-
pressed as the work per cycle divided by the period, so that

1 1 23 = rV cC d! (20)v dE ET 20

Substitution of Eqs. (15­ 17) and Eq. (19) into Eq. (20) gives

2

r ds23 = (U cC ) ? d!v d0E E S D2T dx0

r 4Cd2 21 ? (G 2 G ) d! (21)0E E S D2T c0

Finally, the total power loss 3, which is the sum of the
induced and pro� le powers, is given by

r
3 = 3 1 3 = 2 Gw ?n d!i v E E2T 0

r 4Cd2 21 (G 2 G ) d!0E E S D2T c0

2

r ds21 (U cC )? d! (22)d0E E S D2T dx0

Note that the total power loss may be expressed in terms of
the shape of the wake, the planform of the wing, the quasi-
steady sectional drag polar, and the circulation distribution in
the wake. For a given wing undergoing a prescribed � apping
motion, only the circulation is unknown. Furthermore, the pro-
� le power is quadratic in the circulation G, a fact that will
prove useful when computing the optimum circulation distri-
bution.

D. Optimal Solution to the Large-Amplitude Flapping Problem

To � nd the circulation that minimizes the total power loss
in the prescribed � ight condition, the constraints are adjoined
to the power using Lagrange multipliers l and n to form the
Lagrangian power

r
P = 3 1 l ? (F 2 F ) 1 n (G 2 G ) d! (23)R maxE ET 0

The n is zero if the inequality constraint [Eq. (18)] is inactive,
and positive if it is active. Taking the variation of Eq. (23),
one obtains

r
dP = dl ? (F 2 F ) 1 dn (G 2 G ) d!R maxE ET 0

r 4Cd2
1 l ?n 2 w ?n 1 (G 2 G ) 1 n dG d!0E E F GT c0

(24)

where we have used the potential � ow identity

w ?ndG d! = dw ? nG d! (25)E E E E
0 0

to eliminate dw from the integrand of the second integral in
Eq. (24). At the constrained optimum, P is stationary (dP =
0). Therefore, the necessary conditions for minimum power
are

7 = 7 (26)1 R

6 = 6 (27)1 R

+ = + (28)1 R

n $ 0 if G = Gmax
(29)

n = 0 if G < Gmax
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and � nally

w ?n = l ?n 1 (4C /c)(G 2 G ) 1 n (30)d2 0

Equation (30) is the viscous equivalent of the Betz13 crite-
rion. The physical interpretation of Eq. (30), at least for cases
when the inequality constraint is inactive (n = 0), is that the
optimum-induced normal wash on the wake is equal to the
normal wash induced at the surface of the wake by an imper-
meable surface (the wake sheet) translating with velocity l,
plus a term proportional to the coef� cient Cd2 times the devi-
ation of G away from G0. Note in particular that because Cd0

has no effect on the � rst-order thrust or lift, and is not a func-
tion of G, it has no in� uence on the optimum distribution of
circulation along the wake. Furthermore, the coef� cient Cd2 is
usually small, typically 2(1022). Thus, at least for lightly
loaded cases, the optimum viscous circulation distribution is
nearly equal to the optimum inviscid distribution. Of course,
the total power loss 3 is increased by the presence of viscous
forces, even if the optimum circulation distribution is not sig-
ni� cantly different from the inviscid case.

If the inequality constraint is active, then the preceding in-
terpretation of the optimality conditions is slightly modi� ed.
In regions of the wake where G < Gmax, the optimal induced
wash at the wake is as described earlier. In regions where G
= Gmax, however, the induced normal wash (which is usually
negative), is increased by n, i.e., the magnitude of the normal
wash is usually reduced.

III. Numerical Solution Technique
In Sec. II, a variational principle for the optimum circulation

distribution in � apping � ight was developed. In this section, a
technique for discretizing and solving the variational principle
is described.

To calculate these integral quantities, a vortex-lattice model
is used. One period of the wake (the reference period) is di-
vided into N quadrilateral elements. Each element is bounded
by a vortex � lament of strength Gj. Thus, the potential jump
across the jth element is just Gj, and the time-averaged force
on the � apping wing may be approximated by

N71

F = 6 = b G = BG (31)1 j jOH J
j=1+1

where

b = (r/T )n D! (32)j j j

and G is a vector whose jth entry is just Gj. The unit normal
at the center of the jth element is nj, and D!j is the area of
the element.

Likewise, the power is approximated by
N N N

1
3 = K G G 2 Q G 1 3ij i j i i v0OO O2 i=1 j=1 i=1

1 T T= G KG 2 G Q 1 3 (33)v0
2

with

r r 4Cd2
K = 2 V ? n D! 1 d D! (34)ij ij i i ij i

T T ci

r 4Cd2
Q = G D! (35)i 0i i

T ci

2N
r Dsi2 23 = U [c(C 1 C C )] ? D! (36)v0 d0 d2 l0 i iO S D2T Dxii=1

In Eq. (34), Vij is the velocity at the center of the ith panel
induced by an in� nite row of vortex ring panels of unit
strength spaced a distance UT apart in the x direction, with the
reference sending panel located at the jth position in the grid.
Standard numerical techniques are used to compute the in-
duced wash. For panels that are close to the collocation point,
the exact wash caused by a quadrilateral vortex ring is com-
puted.24 For panels that are far from the collocation point, the
vortex ring panel is approximated by a point doublet oriented
in the direction normal to the panel surface. This approxima-
tion reduces the computational time required to assemble the
in� uence coef� cients Vij.

For the case where the maximum coef� cient of lift constraint
is inactive, the Lagrangian power may be expressed in matrix
form as

1 T T TP = G KG 2 G Q 1 l (BG 2 F ) 1 3 (37)R v0
2

Taking the variation of Eq. (37) and setting the result to zero
gives the desired set of linear equations that describe the op-
timum solution, i.e.,

TK B G Q
= (38)F G H J H JB 0 l FR

Equation (38) is solved using Gaussian elimination for the un-
known circulation distribution G and Lagrange multiplier l.

If after solving Eq. (38) it is found that the maximum co-
ef� cient of lift constraint is violated at any point along the
wake, additional steps are required to compute the constrained
optimum. Because the maximum coef� cient of lift constraint
is nonlinear, it cannot be added to Eq. (38) in the same (linear)
way as the thrust constraint. Instead, we use the method of
mathematical programming via augmented Lagrangians.17,25

The procedure is as follows. At the points along the wake
where the maximum coef� cient of lift is violated, the con-
straint is activated. A quadratic penalty function is added to
the Lagrangian power that increases the power when the con-
straint is violated. Thus, Pa is expressed as

1 T T T T­P = G KG 2 G Q 1 l (BG 2 F ) 1 n (G 2 G )a 2 R max

1 T­1 (G 2 G ) W(G 2 G ) 1 3 (39)2 max max v0

where W is a diagonal matrix with large positive entries cor-
responding to the active constraints with zero diagonal entries
elsewhere, and n is the vector of inequality constraint La-
grange multipliers. Taking the variation of Eq. (39) and setting
the result to zero yields

TK 1 W B G Q 1 W G 2 nmax= (40)F G H J H JB 0 l FR

Equation (40) is solved using Gaussian elimination.
Examining Eq. (40), it can be seen that for large W, active

constraints will be very nearly satis� ed. Furthermore, the term
n 1 W(G 2 Gmax) plays the role of the inequality constraint
Lagrange multiplier. Thus, an improved estimate of the La-
grange multiplier is given by

n = n 1 W(G 2 G ) (41)new old max

Having obtained an improved estimate of the solution, the con-
straint list is updated. If the new estimate of a particular La-
grange multiplier is positive, then the constraint is kept active.
If the Lagrange multiplier is negative, then the constraint
should be inactive. Thus, the Lagrange multiplier is set to zero
and the corresponding diagonal entry in the W matrix is set to
zero. On the other hand, if a previously inactive constraint is
violated after the solution of Eq. (40), then that constraint is
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Fig. 4 Optimum circulation distribution for inviscid two-bladed
propeller at two different advance ratios. ——, present vortex-
lattice method; N, Goldstein14 theory with advance ratio m = 0.1;
0, m = 0.5.

Fig. 5 Optimum circulation distribution for two-bladed propel-
ler with m = 0.45. ­ ­ , inviscid; ——, viscous with = 0.4;C71

­ -­ -­ , viscous with = 0.8.C71

Fig. 6 Power loss for optimally loaded propeller at various ro-
tational speeds, = 0.4.C71

made active by setting the corresponding diagonal entry in W
to a large positive value. The process is repeated [Eqs. (40)
and (41) and the constraint checks] until a converged solution
is achieved. Typically, fewer than � ve iterations are required
to obtain a converged solution.

Finally, the computed circulation can then be substituted into
Eq. (33) to obtain the minimum excess power required to gen-
erate thrust in a viscous � uid.

IV. Results
In this section, the method described in Sec. III is used to

compute the optimal circulation distribution for two different
geometries. In Sec. IV.A, a two-bladed propeller is considered.
In essence, a propeller generates thrust using rotational � ap-
ping rather than reciprocal � apping about the longitudinal axis
as in the case of � ying animals or ornithopters. The case of a
propeller is useful because Goldstein14 has found solutions to
the minimum induced loss problem for propellers operating at
small advance ratios, a condition equivalent to large-amplitude,
high-frequency � apping. In Sec. IV.B, the case of a � apping
wing in forward � ight that must simultaneously generate thrust
and lift is considered.

A. Two-Bladed Propeller

To test the accuracy of the present method, we � rst use the
method to compute the minimum induced power circulation
distribution for a two-bladed propeller with radius R, rotating
with speed V, with forward velocity U, and generating thrust
71. Furthermore, c is taken to be constant over the span of the
blade and equal to R /6. The airfoil section used is a NACA
4412 airfoil with drag polar as in Fig. 3. Figure 4 shows the
computed minimum induced power loss distribution for a pro-
peller operating at two different advance ratios, m = 0.1 and
0.5, where

m [ U/VR (42)

These solutions were computed using a vortex-lattice mesh
with 32 3 32 vortex ring elements per turn of the wake. Also
shown for comparison are the analytical results tabulated by
Goldstein.14 Note that the present method is in almost exact
agreement with Goldstein’s classical solution. Note, however,
that these solutions only account for induced losses.

Next, the optimal viscous circulation distribution was com-
puted for the case where the propeller operates at an advance
ratio m of 0.45 (nondimensional rotational frequency k [ 1/m
= 2.22) for two different thrust coef� cients, = 0.4 andC7 1

= 0.8, whereC71

7 31
C [ and C [ (43)7 31 2 2 1 3 21 ­ ­rU R rU R2 2

The computed solutions are shown in Fig. 5. These and sub-
sequent propeller solutions were computed using a vortex-lat-
tice mesh with 25 3 32 vortex ring elements per turn of the
wake. Also shown for comparison is the optimal inviscid so-
lution. Note that for the more lightly loaded case, = 0.4,C71

the optimal inviscid and viscous circulation distributions are
very similar. In the viscous case, the loading is shifted very
slightly towards the tips. This reduces the large pro� le drag
associated with large sectional lift coef� cients on the inboard
portion of the propeller where the relative velocity is small. At
the higher loading condition, = 0.8, the maximum coef� -C71

cient of lift constraint is active over a large portion of the
blade, reducing the circulation. Thus, the circulation must be
increased near the tip to obtain the desired thrust. The results
shown in Fig. 5 are typical; if the maximum coef� cient of lift
constraint is not active then viscous effects have only a small
in� uence on the optimal circulation distribution.

Next, we computed the power loss for this propeller for
several different nondimensional rotational frequencies, 1/m.

Shown in Fig. 6 is the power loss as a function of rotation
speed for an optimally loaded viscous propeller with thrust
coef� cient = 0.4. The total power loss is the sum of theC71

induced (inviscid) and pro� le (viscous) losses. The induced
losses are seen to decrease with increasing rotational frequency
until the actuator disk limit of ef� ciency is reached, ;C3 i

. Pro� le losses, on the other hand, generally increase2C /4p71

with increasing rotational speed, although there can be a mod-
est rise in viscous losses at very low rotational speeds caused
by large local sectional coef� cients of lift. Thus, the optimal
rotation frequency is at an intermediate frequency, in this case
1/m ’ 2.5. At this frequency, the propulsive ef� ciency, de� ned
here as

C7 1h [ (44)
C 1 C7 31
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Fig. 7 Power loss for optimally loaded propeller at various ro-
tational speeds, = 0.8.C71

Fig. 8 Minimum induced power circulation distributions for
thrust caused by � apping: ——, small-amplitude harmonic theory
of Hall and Hall18; ­ ­ ­ , Jones’ theory15; N, C, n , and , , present
method with u = 1 deg.

Fig. 9 Top view of optimal circulation distribution in wake of
� apping wing. u = 45 deg, m = 0.5, = 0.1, = 0.01. Top:C C+ 71 1

inviscid solution; bottom: viscous solution. Direction of � ight is
right to left. Plotted are contours of G/Ub.

is equal to 0.878. Also note that the power loss rises sharply
at low rotational frequencies. For frequencies 1/m less than
about 1.3, no feasible solution exists, that is, the propeller is
stalled over the entire span.

Next, we consider the same propeller, but this time operating
at a thrust coef� cient = 0.8. The computed power loss isC71

shown in Fig. 7. Note that, as expected, the power loss is
somewhat larger than in the previous example because the in-
duced loss scales with the square of the thrust. The pro� le
losses, on the other hand, do not change substantially. Thus,
because the induced losses are relatively more important, the
optimal rotation frequency of the propeller is somewhat larger
than in the previous example with 1/m ’ 3.4. At this fre-
quency, h is about 0.875.

Note that in the examples presented in Figs. 6 and 7, the
local pitch of the blade is adjusted at every rotation speed to
obtain the optimum circulation distribution. In real propellers,
of course, pitch cannot be varied along the span of the blade.
Thus, the minimum power loss curves shown in these � gures
should be considered lower bounds of the power loss for a
� xed-pitch propeller of a given planform.

B. Flapping of a Rigid Wing

In this section, we compute the optimal circulation distri-
butions and corresponding power requirements for a wing in
� apping � ight. The wing is assumed to have a rectangular
planform with span b and an aspect ratio of 6.0. As in the
previous propeller example, the airfoil section is a NACA 4412
airfoil with drag polar as in Fig. 3. We consider � apping mo-
tions where the wake has the following shape:

z = uz u sin[u cos(Vx/U )]
for uz u # b/2 (45)Jy = uz ucos[u cos(Vx/U )]

where V is the � apping frequency, and u is the angular am-
plitude of � apping motion. This motion corresponds to a wing
with a straight, unswept trailing edge � apping rigidly about a
hinge point on the longitudinal axis.

For the � rst example, the amplitude of � apping is small with
u = 1 deg, and only induced losses are considered. Shown in
Fig. 8 is the optimum circulation required to produce thrust
with no lift. The circulation is plotted at the point in the down-
stroke when the wings pass through the horizontal position.
These and subsequent results were computed using a vortex-
lattice mesh with 24 elements per period in the � ight direction,
and 24 elements in the spanwise direction. Each solution re-
quired about 18 s of CPU time to compute on a Silicon Graph-
ics Inc. (SGI) Power Indigo2 workstation. Also shown is
Jones’15 exact solution to the optimal circulation problem for
low-frequency small-amplitude � apping, and the small-ampli-
tude harmonic theory developed by Hall and Hall.18 The pres-
ent method is seen to be in excellent agreement with the other
two theories, at least for this small-amplitude case.

Next, we consider the case of large-amplitude � apping
where the � apping wing must simultaneously generate both
thrust and lift. Shown in Fig. 9 is the optimal circulation dis-
tribution in the wake of a � apping wing with 1/m = 2.0, u =
45 deg, = 0.1, and = 0.01, whereC C+ 71 1

1 Vb
k [ [ (46)

m U

+ 7 31 1C [ , C [ , C [ (47)+ 7 31 2 2 1 2 2 1 3 21 1­ ­ ­rU b rU b rU b2 2 2

Two cases are shown, one in which the optimal circulation
distribution is computed considering only induced losses, and
the other with pro� le losses included. The two solutions are
very similar, with the largest differences occurring at the mid-
dle of the wake during the downstroke. One sees that the in-
viscid circulation is very slightly larger in this region. In the
viscous solution, the circulation is reduced slightly in this re-
gion to minimize the pro� le losses associated with large sec-
tional lift coef� cients.

Figure 10 shows the optimal circulation distribution for the
same case shown in Fig. 9, but with the thrust coef� cient

now increased to 0.2. Over a portion of the downstroke,C7 1

the maximum coef� cient of sectional lift constraint is active
over the inboard portion of the wing, reducing the circulation
in this region. Also note that over a portion of the upstroke,
the circulation near the tips is negative.

Next, the power losses were computed for the � apping wing.
Figure 11 shows the power loss for an optimally loaded � ap-
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Fig. 10 Top view of optimal circulation distribution in wake of
� apping wing. u = 45 deg, m = 0.5, = 0.1, = 0.02. Top:C C+ 71 1

inviscid solution; bottom: viscous solution.

Fig. 11 Power loss for optimally loaded � apping wing at various
� apping frequencies. u = 45 deg, = 0.1, = 0.01.C C+ 7i 1

Fig. 14 Power loss for various � apping amplitudes and fre-C3

quencies, = 0.1, = 0.02.C C+ 71 1

Fig. 13 Power loss for various � apping amplitudes and fre-C3

quencies, = 0.1, = 0.01.C C+ 71 1

Fig. 12 Power loss for optimally loaded � apping wing at various
� apping frequencies. u = 45 deg, = 0.1, = 0.02.C C+ 71 1

ping wing for a range of � apping frequencies 1/m for the case
where u = 45 deg, = 0.1, and = 0.01. Note the strikingC C+ 71 1

similarity of these results to those of a propeller (see Figs. 6
and 7). Again, the induced losses generally decrease with in-
creasing � apping frequency, whereas the pro� le losses gener-
ally increase. One notable difference is that the induced losses
become relatively � at at moderate reduced frequencies, and
may even increase slightly for very large frequencies. This is
because, unlike a propeller, a � apping wing must generate both
thrust and lift. While the (inviscid) generation of thrust be-
comes more ef� cient at large � apping frequencies, approach-
ing the actuator disk limit, the generation of lift is most ef� -
cient at low frequencies. For this example, the optimal � apping
frequency 1/m is approximately 2.1.

For a propeller, which has the sole purpose of generating
thrust, the propulsive ef� ciency is simply the thrust power pro-
duced divided by the total power (thrust power plus power
losses). For a � apping wing, which must produce both thrust
and power, we may de� ne the propulsive ef� ciency as

C7 1h [ (48)
C 1 C 2 C7 3 31 0

where is the power loss with u = 0, = 0, and =C C C3 7 +0 1 1

0.1. In other words, only the increase in power required to
generate thrust should be counted in the calculation of ef� -
ciency. Using this de� nition, we � nd that the propulsive ef� -
ciency of the � apping wing discussed in the previous example
is approximately equal to 0.808 at a � apping frequency 1/m
of 2.1.

Figure 12 shows the optimal power loss for the same case
presented in Fig. 11, but with = 0.02. For this more highlyC71

loaded case, the optimal � apping frequency 1/m is about 3.1,
and the corresponding h is 0.837.

In the previous two examples, the minimum power loss for
� apping � ight was computed for two different thrust coef� -
cients. The � apping amplitude was � xed (u = 45 deg) and the
� apping frequency 1/m was varied. Next, we consider the ef-
fect of � apping amplitude on power losses. Shown in Figs. 13
and 14 are contours of power loss as a function of � appingC3
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frequency and amplitude for two different thrust coef� cients,
= 0.01 and 0.02. Note that for each case, there is an op-C71

timum amplitude and frequency that produces the minimum
power loss. For the lower thrust loading case, = 0.01, theC71

minimum power is about 0.00641, corresponding to u =C3

20 deg and 1/m = 5.3. Under these conditions, h is approxi-
mately 0.859. This � apping frequency corresponds to slightly
less than one wing beat per wingspan traveled. For the higher
thrust loading case, = 0.02, the minimum power isC C7 31

approximately 0.00825, corresponding to u = 27 deg and 1/m
= 5.3. The corresponding h is about 0.852. Thus, � apping
� ight is seen to be remarkably ef� cient, with propulsive ef� -
ciencies rivaling that of propellers. Note that the optimum � ap-
ping frequency is relatively insensitive to thrust loading. The
optimum � apping amplitude, however, is sensitive to thrust
loading.

V. Summary and Discussion
A variational method has been developed for computing the

minimum power circulation distribution along the span of a
� apping wing that must simultaneously generate thrust and lift.
Using this approach, the sum of the induced (inviscid) power
and pro� le (viscous) power are minimized subject to the con-
straints that the desired thrust and lift be obtained and that no
portion of the wing may operate in a stalled condition. The
resulting variational statement is the viscous equivalent of the
well-known Betz criterion for MIL propellers. This variational
principle is solved numerically using a vortex-lattice method
to compute the lift, thrust, and induced power and a quasi-
steady drag polar correlation to model pro� le drag. Inequality
constraints are implemented using an augmented Lagrangian
method. The present method is computationally very ef� cient.
For cases in which the maximum sectional coef� cient of lift
constraint is active, the analysis typically requires less than 2
min of CPU time on an SGI Power Indigo2. For lightly loaded
cases in which the constraint is inactive, solutions require
about 18 s of computer time.

The method was used to compute minimum induced power
loss circulation distributions of a propeller and a � apping wing.
For the case of inviscid propellers, the present method was
found to predict circulation distributions that are in good
agreement with Goldstein’s14 classic MIL propeller theory. For
the case of small-amplitude wing � apping, the present theory
also recovers the minimum induced circulation distribution
predicted by Jones,15 and the small-amplitude � apping theory
of Hall and Hall.18

The method was also used to compute optimal circulation
distributions for propellers and � apping wings operating in a
viscous � uid. One interesting result is that the optimal viscous
circulation distribution is very nearly equal to the optimal in-
viscid circulation distribution, provided that the maximum co-
ef� cient of lift constraint is not active. For typical levels of
required thrust, the optimal propulsive ef� ciency of a constant
chord propeller was found to be about 0.88 at a rotational
frequency that increases with thrust. For a � apping wing that
must generate both thrust and lift, the situation is similar. The
optimal propulsive ef� ciency was found to be about 0.85 for
two different thrust levels. The optimal � apping frequency
1/m was found to about 5.3, and relatively insensitive to thrust
requirements. This � apping frequency means that the wing
should � ap slightly less than once for every one wingspan the
wing � ies forward through the air.

The present theory accounts for aerodynamic effects only.
Mechanical and physiological losses are not considered. In
birds, it may be desirable for physiological reasons for the bird
to � ap its wings at frequencies lower than the aerodynamically
optimal frequency. In fact, birds in fast forward � ight are ob-
served to � ap their wings over a range of moderately large
reduced nondimensional frequencies. For example, Tucker26,27

studied the � ight of budgerigars (Melopsittacus undulatus) in
a wind tunnel. He observed that one specimen with a b of

0.235 m � apped its wings with a constant beat frequency V
of 88 rad s2 1 for a range of � ight speeds U from 5.3 m to 13.3
m s21. This corresponds to a range of k from 1.55 to 3.90.
Similarly, Tucker27,28 measured the � apping frequency of a
laughing gull (Larus atricilla) with a b of 0.93 m to be a
constant 23.8 rad s21 over a range of � ight speeds from 8.6 to
11.2 m s21 corresponding to k between 1.98 and 2.57. Fortu-
nately, the minimum power solution (Figs. 13 and 14) has a
trough or valley of low power. Thus, the wings may be � apped
at a lower than optimum frequency with little increase in
power if the � apping amplitude is appropriately raised.
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